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Abstract: We construct a model for a particle in the framework of the theory of Stueckel-
berg, Horwitz and Piron (SHP) as an ensemble of events subject to the laws of covariant
classical equilibrium statistical mechanics. The canonical and grand canonical ensembles
are constructed without an a priori constraint on the total mass of the system. We show
that the total mass of the system, corresponding the mass of this particle is determined
by a chemical potential. This model has the property that under perturbation, such as
collisions in the SHP theory for which the final asymptotic mass of an elementary event is
not constrained by the basic theory, the particle returns to its equilibrium mass value. A
mechanism similar to the Maxwell construction for more than one equilibrium mass state
may result in several possible masses in the final state.
1. Introduction
The relativistic classical and quantum mechanics based on the theory of Stueckelberg,
Horwitz and Piron [SHP] [1],[2],[3] admits a wide range of values after collision for the
quantity pµp
µ = p2 − E2 = −m2 for each of the particles, bounded only by kinematics
and the conserved value of, for example, the Hamiltonian of a system of two particles in a
potential type interaction,
K =
p1µp1
µ
2M1
+
p2µp2
µ
2M2
+ V (x1 − x2), (1.1)
where M1 and M2 are intrinsic parameters with dimension mass for each of the particles
(these quantities may be thought of as the Galilean limiting masses, as discussed in ref.
[4]), and x ≡ {xµ}, the spacetime coordinates of the events that are considered the basic
dynamical objects of the theory (we shall call these particles, although the identification of
these objects with particle in the usual sense, as discussed in [5] and in Jackson’s book [6]
involves the construction of conserved currents). The equations of motion, according to the
Hamilton equations derived from this Hamiltonian, describe evolution in an an invariant
parameter τ [1][2][3]. Solving the equations of motion for an asymptotically free (V ∼= 0)
incoming state with well-defined incoming mass values, in the outgoing asymptotic state
the particles may have different mass values. In order to maintain the identity of particles
in such asymptotic states, it has been assumed in many applications, that there is a
mechanism, such as relaxation to a minimum free energy, which restores the particle masses
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(e.g., at the ionization point for the bound state problem [7]). For example, an electron
suffering many collisions, even though the mass changes may be small in each collision,
could drift measureably, in contradiction with the observed stability of the electron mass
under a wide range of conditions. Although the assumption of some relaxation process has
been adequate to obtain quantitative results in agreement with experiment, the availability
of an effective physical model could have important predictive consequences[8]
In this paper, I formulate a model for an “elementary” Stueckelberg particle by con-
structing a statistical ensemble of the type studied by Horwitz, Schieve and Piron [4],where
the relativistic Gibbs ensembles for a system of events in thermal equilibrium were worked
out. In order to achieve a structure for which the nonrelativistic limit provided the cor-
rect a priori nonrelativistic limit for the total mass of the system, they assumed that the
value of the many-body Hamiltonian was restricted, in the microcanonical ensemble, to
this value of total nonrelativistic mass. In the model I construct here, the total mass value
of the ensemble is not restricted; it may vary according to the dynamical Hamiltonian
laws of motion laws of motion as described above, but in the asymptotically free state, the
mass value is determined, as for the average energy, by a chemical potential analogous to a
temperature (one could think of the associated relaxation as accompanied by emission or
absorption of radiation). The statistical ensemble therefore has the property that its mean
spacetime value behaves under interaction as the usual Stueckelberg particle, but contains
a mechanism for stability of its mass after interaction, with the possibility of transitions
to other equilibrium states according to the Maxwell construction, as a phase transition
induced by the interactions. The fundamental origin of such an ensemble may lie in the
vacuum fluctuations of a quantum field theory, but we leave this for future study.
2. SHP Dynamics and Statistical Mechanics: The Model
For a single particle, Stueckelberg [1]considered the possibility that the world line of a
particle might turn from advancing in t to a state in which the motion in t is reversed, and
recognized that this situation describes pair annihilation in classical mechanics. Since this
motion is not single valued in t, he defined a parameter τ along the trajectory. In terms
of this parameter, he was able to define a canonical Hamiltonian formalism in spacetime.
Horwitz and Piron [2] then generalized the structure of the theory, postulating that τ is
universal (as for t in Newtonian-Galilean mechanics), in order to deal with the many-body
problem (see ref. 3 for a discussion of applications and consequences of this idea). The
notion of τ evolution of a many body system permits us to think of equibrium ensembles
for a many body system [4]. In the following we formulate the statistical mechanics of a
system of many degrees of freedom that we imagine to be associated with the structure of
a single Stueckelberg particle to find equlibrium conditions for the stability of its mass.
The relativistically invariant Hamiltonian for an N -body system of particles interact-
ing through a Poincare´ invariant potential is defined [2] by
K = ΣNi=1
piµpi
µ
2Mi
+ V (x1.x2, . . . , xN) (2.1)
We imagine that this set of particles forms an ensemble which plays the dynamical
role of a single Stueckelberg particle with dynamical coordinates Pµ, Xµ in phase space,
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corresponding to the center-of-mass properties of the ensemble. We then define the micro-
canonical ensemble [4] as
Γ(κ, E) =
∫
dΩδ(K − κ)δ(ΣEi − E), (2.2)
where dΩ is the infinitesimal volume element in the phase space of the many-body system.
We do not choose a priori, however, the parameter κ to correspond to the total Galilean
mass of the system, but leave its eventual value to equilibrium conditions imposed, as for
E, by a chemical potential ( a “mass temperature”).
The canonical ensemble is then constructed by extracting a small subensemble for
which the energy and mass parameter are assumed to be additive as in the usual statistical
mechanics. This procedure distinguishes what we shall think of as the “particle” (the
subensemble) from its “environment” (the “bath”). We write the microcanonical ensemble
in terms of a sum over all possible partitions of energy and mass parameter beteen the
system and the bath (one usually thinks of an exchange of energy between the subsystems
and the bath; in this case, we include also an exchange of mass, reflecting not the flow of
heat only, but also of off-shell mass as an intrinsic degree of freedom):
Γ(κ,E) =
∫
dΩbdΩsdκbdκs
δ(Kb − κb)δ(Ks − κs)δ(Es + Eb −E)δ(κs + κb − κ)
=
∫
dκsdΩsΓb(κ− κs, E −Es)δ(Ks − κs)
=
∫
dκ′dE′dκsdΩsΓb(κ− κ
′, E − E′)δ(κs − κ
′)δ(Es −E
′)
=
∫
dκ′dE′Γb(κ− κ
′, E − E′)Γs(κ
′, E′),
(2.3)
where the subscript b corresponds to the bath, and s to the subsystem.*
We then suppose that the integrand has a maximum over both variables κ′, E′. In case
there is more than one local maximum in either variable, the usual Maxwell construction
will yield, in addition to several equilibrium energy states, possibly several equilibrium mass
states (as, for example, in the muon-electron system). The conditions for a maximum in
two variables contain the necessary condition that there is a vanishing derivative in each of
the variables. This condition is sufficient to construct the associated thermodynamics. The
remaining requirmement for a maximum on the two variables is consistently automatically
satisfied in the neighborhood of this maximum by the additivity property of the entropy,
as we demonstrate in the following.
In addition to the necessary condition of the vanishing of the derivative of the function
in each of the two variables (in our case, E′ and κ′ ), the eigenvalues of the matrix ∂
2f
∂xi∂xj
,
where
f(x1, x2) = g(x1, x2)h(x1, x2) (2.4)
* We remark that the integration
∫
dκΓ(κ,E) is convergent and maximizing the re-
maining integrand over E′ would provide just a single temperature T .
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, and
g(E′, κ′) = Γs(E
′, κ′)
h(E′, κ′) = Γb(E − E
′, κ− κ′),
(2.5)
must be non-positive. The quadratic equation for these eigenvalues yields non-positive
roots only if for the first term of the solution of the quadratic,
f11 + f22 ≤ 0, (2.6)
from which one obtains
(ln g)11 + (lnh)11 + (ln g)22 + (lnh)22 ≤ 0. (2.7)
For the second, square root term, with a little manipulation, one finds for the condition
that it cannot, with the positive sign, outweigh the first term in magnitude,
(
(ln g)12 + (lnh)12
)2
≤
(
(ln g)11 + (lnh)11
)
×
(
(ln g)22 + (lnh)22
) (2.8)
Now, as we shall discuss in Section 3 (see (3.3)), the (constant in the neighborhood of the
maximum) total entropy is, by additivity,
S ∼= Sb + Ss = lnh+ ln g, (2.9)
so that
(lnh)ij = −(ln g)ij, (2.10)
and therefore (2.7) and (2.8) are identically satisfied. Therefore, in the neighborhood of
the assumed maximum, the condition for the absence of a saddle point configuration is
consistently satisfied.
We emphasize again that our conditions are local, and that there may be more than
one such maximum in the microcanonical distribution, as in the formulation of the usual
statistical mechanics, with more than one mass state comprising different phases.
The conditions for equilibrium can therefore be written
1
Γb(κ− κ′, E − E′)
∂Γb
∂E
(κ− κ′, E − E′)|max =
1
Γs(κ′, E′)
∂Γs
∂E
(κ′, E′)|max ≡
1
T
(2.11)
and
1
Γb(κ− κ′, E − E′)
∂Γb
∂κ
(κ− κ′, E − E′)|max =
1
Γs(κ′, E′)
∂Γs
∂κ
(κ′, E)|max ≡
1
Tκ
, (2.12)
defining a new effective “mass temperature”.
3. Canonical Thermodynamics
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Let us now define the entropies of the bath and the subsystem,
Sb(κ,E) = ln Γb(κ,E)
Ss(κ,E) = ln Γs(κ,E),
(3.1)
so that (we take the Boltzmann constant kB, which we set equal to unity, the same for
both definitions to assure additivity) at maximum, according to (2.4) and (2.5),*
∂Sb
∂E
=
∂Ss
∂E
=
1
T
∂Sb
∂κ
=
∂Ss
∂κ
=
1
Tκ
.
(3.2)
The total entropy of the system is then, independent of κ′, E′ in the neighborhood of the
maximum,
S(κ, E) ∼= lnΓb(κ− κ
′, E − E′) + lnΓs(κ
′, E′) (3.3)
In this neighborhood we may define
Γb(κ− κ
′, E − E′) = eSb(κ−κ
′,E−E′). (3.4)
For κ′ and E′ small compared to κ and E,
Γb(κ− κ
′, E − E′) = eSb(κ−κ
′,E−E′)
∼= eSb(κ,E)−κ
′ ∂Sb
∂κ
−E′
∂Sb
∂E
= eSb(κ,E)e−
κ′
Tκ e−
E′
T ;
(3.5)
We then have, integrating over κ′ and E′ (essentially restricted to the neighborhood of the
maximum)
Γ(κ,E) =
∫
dκ′dE′eSb(κ,E)e−κ
′ ∂Sb
∂κ e−E
′ ∂Sb
∂E Γs(κ
′, E′), (3.6)
Recall that
Γs(κ
′, E′) =
∫
dΩsδ(Ks − κ
′)δ(Es − E
′) (3.7)
and therefore we may write
Γ(κ, E) =
∫
dΩsdκ
′dE′δ(Ks − κ
′)δ(Es − E
′)
eSb(κ,E)e−
κ′
Tκ e−
E′
T
= eSb(κ,E)
∫
dΩse
−
Ks
Tκ e−
Es
T .
(3.8)
* Note that K is actually proportional to a negative mass in our metric, so that −Tκ is
a positive number, to be identified with a “mass temperature”.
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Since Sb(κ,E) is an overall factor, it cancels out in any computation of average values. The
distribution function for the N -body canonical ensemble is then (we drop the subscript s)
dN (q, p) = e
−
K
Tκ e−
E
T (3.9)
and define the partition function as
QN (Tκ, T ) =
∫
dΩe−
K
Tκ e−
E
T , (3.10)
a very different result from [4], since K is considered here (as for E) as a dynamical
variable.
Let us now define the Helmholtz free energy A by
QN (Tκ, T ) = e
−A(Tκ,T )β, (3.11)
so that (following Huang[9]), we write
∫
dΩe−βκKe(A−E)β = 1, (3.12)
where β = 1/T and βκ = 1/Tκ. Differentiating with respect to β one obtains
0 =
∫
dΩe−βκK(A− E + β
∂A
∂β
)e(A−E)β . (3.13)
Using (3.10) for the definition of QN , we see that
A =< E > −β
∂A
∂β
=< E > +T
∂A
∂T
.
(3.14)
Comparing this result with what we know of thermodynamics, if we define
S = −
∂A
∂T
, (3.15)
we have
A =< E > −TS. (3.16)
The formula (3.15) can be derived, as we shall see, from the grand canonical ensemble.
There is another relation, however, that we can obtain by taking the derivative of
(3.12) with respect to βκ; one obtains in this way
0 =
∫
dΩ
{
−Ke−βκK + e−βκKβ
∂A
βκ
}
e(A−E)β
= − < K > +β
∂A
∂βκ
,
(3.17)
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so that
< K >=
1
T
∂A
∂βκ
= −
T 2κ
T
∂A
∂Tκ
, (3.18)
which approaches a limiting value of −12Mc
2 in the nonerelativistic limit, as required in
[4].
We therefore obtain a mean value for < K >, the effective center-of-mass mass of
the subensemble, which is determined by Tκ and T , under the canonical distribution,
corresponding to an equlibrium of both heat and mass, without exchange of particles with
the bath.*
We further remark that from (3.14),
∂A
∂βκ
=
∂ < E >
∂βκ
− β
∂2A
∂β∂ηκ
; (3.19)
so that, by (3.18),
< K >= β
∂ < E >
∂βκ
− β2
∂2A
∂β∂ηκ
(3.19)
This result emphasizes the relation between the dynamical veriables E and K,
4. Fluctuations in Mass and Energy
To compute the fluctuations in energy, we again follow the efficient method used in
Huang[9], and take the derivative with respect to β of (from (3.12))
0 =
∫
dΩe−βκK(E− < E >)e(A−E)β . (4.1)
Using, from (3.14), the result that A+ ∂A
∂β
β =< E >, one obtains
< (E− < E >)2 >= −
∂ < E >
∂β
= T 2
∂ < E >
∂T
(4.2)
As for the usual statistical mechanics, we can define at constant space volume V (3), im-
plicitly assumed here,
CV =
(∂ < E >
∂T
)
V
(4.3)
In the same way, the mass fluctuations can be computed by considering
0 =
∫
dΩe−βκK(K− < K >)e(A−E)β . (4.4)
* Note that the Particle Physics Booklet,[10], in the discussion of big bang cosmology,
page 236, summarizes deconfinement temperatures for several quarks and particles.
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Differentiating with respect to βκ, and using (3.18), one obtains a result analogous to (4.2),
< (K− < K >)2 >= −
∂ < K >
∂βκ
, (4.5)
implying that ∂<K>
∂βκ
< 0, or, since the right side is +Tκ
2 ∂<K>
∂Tκ
, that
∂ < K >
∂Tκ
> 0, (4.6)
i.e.the mean mass (negative K)rises with the “mass temperature”(negative Tκ). We note
that, furthermore, by (3.18),
∂ < K >
∂βκ
= β
∂2A
∂βκ
2 . (4.7)
These relations provide an interesting starting point for the development of the thermo-
dynamics of the mass of our model particle, which will be further developed elsewhere.
In addition to the mean square mass and energy fluctuations, it is interesting to
compute the cross correlation. This can be achieved by differentiating (4.4) with respect
to β (or (4.1) with respect to βκ), and yields in the same way the relation
< (E− < E >)(K− < K >) > =< EK > − < E >< K >
= −
∂ < K >
∂β
= −
∂ < E >
∂βκ
,
(4.8)
so that we have the symmetrical result
∂ < K >
∂β
=
∂ < E >
∂βκ
. (4.9)
This last result also follows from the continuity of the free energy in β and βκ by differen-
tiating (3.14) with respect to βκ and (3.18) with respect to β.
We remark that the bracket type formula
{< E >,< K >} =
∂ < E >
∂β
∂ < K >
∂βκ
−
∂ < K >
∂β
∂ < E >
∂βκ
=< (E− < E >)2 >< (K− < K >)2 >
− < (E− < E >)(K− < K >) >2
(4.10)
vanishes in the absence of correlation,* and thus carries a measure of the correlation of
fluctuations in E and K in the relativistic canonical ensemble.
5.Grand Canonical Ensemble
* It clearly vanishes in the nonrelativistic limit, but also in the relativistic on-shell
theory, i.e., for which E =
√
p2 +m2.
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We recognize that the results above were obtained for a given number N of events
in the ensemble, a picture that is not very realistic in view of our interpretation that the
source of the ensemble might lie in the vacuum fluctuations of a quantum field theory. In
this section, we allow the number of events in the ensemble to vary (exchange with the
bath) as well as its volume, and construct the grand canonical ensemble. We write the
decomposition of the full microcanonical in terms of its canonical subsets
QN (V, T, Tκ) = Σ
N
Ns=0
∫
dΩse
−βκKse−βEs
×QN−Ns(V − Vs, T, Tκ),
(5.1)
where s refers to the Ns body subsystem (T and Tκ are equilibrium parameters for the
whole system), and, for the bath at each Ns,
QN−Ns(V − Vs, T, Tκ) =
∫
dΩbe
−βκKbe−βEb , (5.2)
where Kb = K −Ks and Eb = E − Es. The normalized phase space density is then
ρ(Ωs, Ns) =
1
QN (V, T, Tκ)
e−βκKse−βEs
×QN−Ns(V − Vs, T, Tκ),
. (5.3)
We can now write (for Ns small compared to N , which can be arbitrarily large),
QN−Ns(V − Vs, T, Tκ) = e
−βA(V−Vs,T,Tκ,K−Ks,N−Ns)
∼= QN (V, T, Tκ)e
βVs
∂A
∂V
+ ∂A
∂K
Ks+
∂A
∂N
Ns
. (5.4)
We then use the usual identifications with the pressure and chemical potential for the
number
∂A
∂V
= −P
∂A
∂N
= µ
(5.5)
and define the new mass chemical potential
∂A
∂K
= −µκ (5.6)
The microcanonial partition function can now be written as (with N arbitrarily large)
QN (V, T, Tκ) = Σ
N
Ns=0
∫
Ωse
−βκKSe−βEs
× e−βVsE−µκβKs+βµNs .
(5.7)
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We note that Ks appears multiplied by a linear combination of µκβ and βκ, arising from
an interplay between the equilibrium requirements of the canonical ensemble (allowing
variable mass) and the structure of the grand canonical ensemble (allowing varying particle
number). Let us define
µˆκ = µκ +
βκ
β
= µκ +
T
Tκ
. (5.8)
We shall, furthermore, assume that Vs has the common value V for every subensemble.
The grand partition function can then be defined as
Q(V, T, Tκ) = e
βV P = ΣNNs0z
NsQNs(T,Ks, Es), (5.9)
where
QNs(T,Ks, Es) =
∫
dΩsζ
Kse−βEs (5.10)
and
z = eµβ ,
ζ = e−µˆκβ .
(5.11)
It then follows that
< N >= z
∂
∂z
lnQ (5.12)
and, for the mean grand canonical mass,
< K >= ζ
∂
∂ζ
lnQ. (5.13)
6. Grand Canonical Thermodynamics
In this section, we make a connection with entropy and thermodynamics, and show
consistency with our earlier definition of entropy in the canonical ensemble,
We define the Helmholtz free energy for the grand canonical ensemble, modified from
the usual definition by taking into account the additional mass degree of freedom,
A =
< N >
β
ln z +
< K >
β
ln ζ −
1
β
lnQ (6.1)
so that
Q = e−βAz<N>ζ<K> (6.2)
From (5.9), (5.10), we then see, replacing Ns by N and taking the sum to infinity, that
1 = Σ∞N=0z
N−<N>
∫
dΩζK−<K>e−β(E−A). (6.3)
10
Differentiating with respect to β ( holding z, ζ, V fixed), one obtains
∂
∂β
(βA) =< E > +
∂ < N >
∂β
ln z +
∂ < K >
∂β
ln ζ. (6.4)
Now, by (6.1),
βA =< N > ln z+ < K > ln ζ − lnQ, (6.5)
so that
∂
∂β
(βA) =
∂ < N >
∂β
ln z +
∂ < K >
∂β
ln ζ −
∂
∂β
lnQ. (6.6)
With (6.4), we find the result for the internal energy
U ≡< E >= −
∂
∂β
lnQ. (6.7)
Now, add and subtract (6.5) (divided by β) to make the dependence on A explicit, we
have, with the definitions of z and ζ in terms of the chemical potentials,
U = A− < N > µ+ µˆκ < K > +
1
β
lnQ−
∂
β
lnQ. (6.8)
Using
−
∂
β
lnQ = +T 2
∂
∂T
lnQ (6.9)
and using the thermodynamic relation
U = A+ TS, (6.10)
one finds
S =
∂
∂T
(T lnQ) +
µˆκ
T
< K > −
µ
T
< N > . (6.11)
With the definition (5.8), we can write this as
S =
∂
∂T
(T lnQ+
(µκ
T
+
1
Tκ
)
< K > −
µ
T
< N > . (6.11)
We can now obtain the Maxwell relations by taking the differential of (6.1) and using
∂
∂V
lnQ =
P
T
(6.12)
to obtain
dA = T ln zd < N > +T ln ζd < E > +
{< N >
T
µ
−
< K >
T
µˆκ −
∂
∂T
(T lnQ)
}
dT − PdV.
(6.13)
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The terms in brackets are the negative of our definition of entropy (6.11), so that we obtain
the Maxwell relations
S = −
(∂A
∂T
)
|V,<N>,<K>
P = −
(∂A
∂V
)
|<N>,<K>,T
(6.14)
as well as
∂A
∂ < N >
= µ
∂A
∂ < K >
= −µˆκ = −(µκ +
T
Tκ
)
(6.15)
When the free energy reaches a critical point in < K >, i.e.,
∂A
∂ < K >
= 0, (6.16)
then (since Tκ is negative, this corresponds to a positive µκ).
T
Tκ
= −µκ. (6.17)
7. Conclusions
In the classical SHP theory, the fundamental dynamical object is an event, moving
in spacetime according to laws of motion generated, in the case of our study here, by
a Hamiltonian according to Hamiltion’s equations. The usual notion of a particle is as-
sociated with the world line of this event[3][5][6]], but for simplicity we have called this
fundamental object a “particle” here. The mass (squared)of the particle, the negative of
pµp
µ (in our metric), after a collision, may asymptotically take on a wide range of values,
limited by kinematics and the conserved quantity K, the (invariant) Hamiltonian. One
sees that in experiment, the mass of a particle, such as the electron, is generally to be
found very close to a definite value even after many collisions have taken place, and the
question naturally srises of how this stability can be understood in the framework of the
theory.
We have constructed, in this paper, a model for which the mass of the particle is
controlled by a chemical potential, so that asymptotic variations in the mass can be restored
to a given value by relaxation to satisfy the equilibrium conditions. In this model, we have
taken the “particle” to be a statistical ensemble which has both an equilibrium energy
and an equilibrium mass, controlled by the temperature and chemical potentials, thus
assuring asymptotic states with the correct mass. The thermodynamic properties of such
a system, involving the maximization of the integrand in the microcanonical ensemble,
was worked out for such a system, where both the energy and the mass are considered
to be parameters of the distribution. As we have seen in Section 6, a critical point in
the free energy is made available by the interplay of the equilibrium requirements of the
12
canonical ensemble, where the total mass of the system is considered variable (off-shell), as
for the energy, and the equilibrium requirements of the grand canonical ensemble, where
a chemical potential arises for the particle number.
In case there is more than one such maximum under the integrand of the microcanoni-
cal distribution, there may be more than one equilibrium mass state, such as in the electron
muon system, with transitions between these states corresponding to phase transitions.
The study of how such a system behaves under the dynamical perturbations of col-
lisions may be studied, in this model, through the (covariant) Boltzmann equation [11].
Such a study is left for future research.
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